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Influence of Geometric Nonlinearities in the Dynamics of
Flexible Treelike Structures

S. K. Ider* and F. M. L. Amirouchet
University of Illinois at Chicago, Chicago, Illinois

A comprehensive computer algorithm used in the dynamic analysis of multibody systems is presented. The
procedures developed combine Kane's equations, the strain energy, and modal analysis to describe the elastic bodies.
The equations of motion are expressed in a form in which their coefficients are based on the partial velocity and
partial angular velocity arrays and are easily coded for computers. The nonlinear geometric stiffness matrix is
developed for three-dimensional beams that account for the couplings between the deformation components having
significant effects in high-speed systems. The method presented in this paper is tailored for structures with variable
cross-sectional beam elements such as spacecraft antennae, helicopter rotor blades, robot systems, and mechanisms.
The effects of rotary inertia as well as shear deformation are automatically included into the equations of motion.
A method for obtaining the shape function matrix consisting of assumed dynamic modes is also presented. In
addition, the preceding formulations are used in a simulation of a space-based robotic manipulator, and the results
are compared with those obtained by Kane et al. in Ref. 20.

I. Introduction

DYNAMIC analysis of multibody systems has gained
tremendous popularity and attention by concerned dy-

namicists and researchers. Rigid and flexible bodies have been
the subject of numerous publications and it would be rather
poor judgment to only refer to few. In the last decade alone
we have seen general-purpose programs written that claim
they can solve a number of problems in rigid-body dynamics,
including the effects of flexibility.1"5 One of the burdens that
these existing programs carry is in the application itself; in
most cases the user has to make a number of changes to make
the program suitable for the problem in question.

In robotics,6"12 where the modeling of elastic deformation
of links is based on beam analysis, certain terms due to the
beam deformation are omitted to gain speed for off-line
programming. Similar mistakes in aircraft dynamics13"15 and
mechanisms16"19 are found where the rigid-body motion is
assumed to be unaffected by the elastic deformations or the
contributions due to the geometric couplings between the
deformation components.

Recently it has been shown that the geometric nonlineari-
ties arising from the coupling of longitudinal and transverse
deformations have considerable effect on the deformation of
beams in high-speed systems.20 In Ref. 20 the effects of this
coupling have been considered in the generalized inertia forces
utilizing the proper constraint equations between the elastic
coordinates. In this paper the geometric stiffening effects are
accounted for in the formulation of the strain energy equa-
tions by extending the methods presented in Ref. 24 to three
dimensions.

The computer-oriented procedure presented herein provides
automatic generation of the equations of motion of flexible
multibody systems in a general tree topology, taking into
account the complete nonlinear interactions between the elas-
tic deformations and the gross rigid-body motion.

A lumped-mass approach is formulated that has the advan-
tage of ease of implementation and programming. This ap-
proach is modified by including the rotary inertia effects by
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making use of the average rotations of the grid elements. This
is particularly important for beams in multibody systems
undergoing large gross rotations and enables one to use a
considerably smaller number of elements for accurate simula-
tions. Furthermore, component mode techniques26 are used to
reduce the elastic coordinates.

An explicit formulation of the partial velocities and partial
angular velocities in treelike flexible structures is also pre-
sented. It should be noted that only Huston and Passarello22

have successfully formulated those arrays for rigid-body dy-
namics.

The equations presented herein add a new dimension to the
study of mechanical structures with beam-type bodies. These
beams could be of variable cross-sectional areas and material
properties that vary from segment to segment.

The user-friendly built-in array called the "tree array" is
used to describe the topology of the structure and serves as a
basis for the kinematics and dynamics.

This paper consists of five sections. The first section de-
scribes the system configuration and geometry organization.
In the second section a description of the modeling of a
flexible body and detailed derivation of the kinematics are
presented. The equations of motion derived via Kane's equa-
tions are given in Sec. III. In Sec. IV a simulation of a space
robotic system is presented. The conclusion forms the last
section.

II. System Description
The system is composed of rigid and flexible bodies forming

a treelike structure as shown in Fig. 1. The bodies are
interconnected by joints that have three rotational and three
translational degrees of freedom.

The flexible bodies in the system are modeled by beams
undergoing small deformations in all directions. The beam
may have variable cross-sectional area along its length with
the restriction that the principal axes at each cross-section are
parallel. For simplicity the shear center is assumed to coincide
with the centroidal axis. In the formulation of the equations
of motion, all bodies will be considered flexible. The rigid
bodies that may have arbitrary shapes are represented as
special cases.

The topology of the structure will be described by means of
a tree array F(fc) to keep track of the bodies with respect to
one another as described below.

Let the number of the bodies in the structure be N.
Arbitrarily select one of the bodies as reference body 1 (B\),
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Fig. 1 A multibody structure.

and label the other bodies in the system in ascending progres-
sion away from Bl. Let the number 0 refer to a stationary
reference frame R. Then let T°(k) denote k and T^k) denote
the adjacent lower body connected to Bk. Knowing T°(k) and
r*(A;) for k = 1,..., N, one can generate r'(k), i > 2. Finally, let
H(k) represent the maximum order h for which Th(k) is
nonzero for Bk. Then the tree array T\k\ / = !,...,#(&)
indicates the chain of bodies that are on the path from Bk to
the reference frame. In the derivation of the equations for the
kinematics, we will use the tree array as a basis for our
analysis. (Further details on the tree array could be found in
Ref. 23.)

In the notation, the summation sign is omitted in the
equations such that a repeated subscript index in a term
implies summation over the range of that index. Superscripts
are generally part of the labeling and do not imply summation
unless otherwise explicitly stated.

III. Kinematics of Flexible Bodies
1. Representation of a Flexible Body

In Fig. 2, two typical connecting bodies Bk and Bj where
j = T(k) are shown. The connection points assumed to lie on
the centroidal line of the respective bodies are denoted by Ok
and Of, on Bk and BJ9 respectively. The rigid-body degrees of
freedom of Bk are characterized by the relative translation and
rotation of the nk axis fixed at Ok with respect to the nk* axis
(fixed at Of). Let nk be the body reference axis relative to
which the deformation of the body will be defined, Bk will be
considered to be composed of Ek number of small elements in
the manner shown in Fig. 2, where rki is the undeformed
vector from Ok to the mass center of /th element. Let nki

represent the axis fixed in this element. Finally, let nk, nk*,
and nki be oriented such that »*, n**, and /if are tangent to
the centroidal line and the second and third components form
the principal axes of the cross section.

The local motion of the element due to deformation with
respect to nk can be described by three translation compo-
nents wf, 1/2', and wf1' and three rotation components 9ki, 0*1',
and 9ki representing the rotation of nki with respect to nk.

To enable us to represent the deformation behavior of the
body in terms of a small number of deformation coordinates,
we will make use of the deformation-mode shapes. It is
required that the mode shapes satisfy the geometric boundary
conditions.

The deformation displacement and rotation uki and 0ki,
p = 1,2,3, can be expressed as

Fig. 2 Labeling position vectors in adjacent bodies.

and
6ki = \l/ki.rik (2)

where r\k, r = 1,..., Mk are the modal coordinates of Bk and
<f)ki and \j/ki are the shape matrices in modal coordinates for
the deformation displacement and rotation of the element
mass center, respectively.

The shape function matrices <j>ki and \j/ki can be determined
by a finite-element numerical solution of the eigenvalue prob-
lem associated with the free vibration of the beam, as shown
in Appendix A. They are obtained by making use of discrete-
mode shapes of the eigenvalue problem together with the
element shape functions.

Alternative to the numerical solution, one may wish to
neglect the shear-deformation effects and determine uki and
9ki for the selected grid points /, by utilizing the simple
analytical eigenfunctions for the transverse, torsional, and
longitudinal vibrations.

2. Generalized Coordinates
The relative angular velocity of nk with respect to nk*

representing the relative rigid-body angular motion of Bk can
be written as

1** — ifi A j, tjp . - A t - L-*. . A L- ta. s ,j\

where c5£, p = 1,2,3 denote the relative angular velocity
components.

The relative transformation vector f k is the relative transla-
tion of nk with respect to nk*:

(4)

The relative translational velocity components denoted as £f
are the components of the derivative of f f e in the local axis nk*

(5)

The time derivatives of deformation translation and rotation
components of Bk in the local axis nk are, from Eqs. (1) and
(2),

and

uki =

$ki =JP

P =

= 1,2,3, y = i,... 34

(6)

(7)

p = 1,2,3; r = 1,..., Mk (1)

where r\} are the modal coordinate derivatives.
Let the generalized speeds of the system be denned as ye,

£ = !,..., 6N + M, where the first 3N represent the relative
angular velocity components wp, the next 3N represent the
relative translational velocity components £p, and the last M
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represent the modal coordinate derivatives r\p. These are
expressed as

CO =[(&i,<»29<D39'''9<&l<»29&39'''$?$2$?]T (8)

There is more than one way to describe the relative angular
orientations for the axis systems. This includes orientation
angles and Euler parameters. In this paper the relative angular
orientations of the body reference axis are described by
transformation matrices that can be expressed in terms of
relative orientation angles or Euler parameters.

Therefore, it is convenient to describe the geometry and the
kinematics of the system with the generalized speeds described
previously together with 3N relative translation components,
M modal coordinates, and 3N relative orientation angles or
47V Euler parameters.

3. Angular Velocities
Let Sok denote the transformation matrix between nk and

if0, and Sok* denote the transformation matrix between nk*
and*0.

The time derivative of Sok, which will be needed in the
analysis, can be obtained as shown in Ref. 22:

dt = -<oei ™nKimh&mj9 * = 1,2,3 (12)

where co k are the components of the angular velocity cok of nk

in R, and eimn is the standard permutation symbol.
The angular velocity of the element i in Bk with respect to

the inertial frame R can be expressed as the sum of relative
angular velocities:

«0-«l i
= CO +

> , «2*-«2
+ co +• ' + CO + CO +

(13)

where "**^"* is defined by Eq. (3).
The *i~cSff* is the relative angular velocity of nk* with respect

to nj due to the deformation of Bj. Utilizing Eq. (A10) in
Appendix A, and assuming small rotations due to deforma-
tion, it can be expressed as

where

and

(is)

( 19)

where vjm and ^m are the partial angular velocity arrays
associated with c5^ and qp9 respectively. In Eqs. (18) and (19),
Bk and Ck are Boolean matrices used for describing the
indices of cbk in c5r and r\k in f/r, respectively, defined as

In a more compact form, Eq. (17) can be written as

where

(20)

(21)

The partial angular velocity arrays are functions of dis-
placements only and need to be generated for each element i
in body A:. Consider an element / in B4 in Fig. 1. Let each
body have c modal coordinates. The angular velocity of n 4| is

(22)

In the subsequent analysis the angular velocity of nk with
respect to 11° and the angular velocity of iik* with respect to

0, denoted as cok and o**, respectively, are also needed. The
cok can be obtained by subtracting nk»ki from Eq. (13)

(23)

where fik
m is obtained by setting the last term in Eq. (19) to

zero. Similarly, cok* can be obtained by subtracting
from cok. This yields

con

(24)

Similarly, from Eq. (7) the angular velocity of the element i
relative to nk can be written as

(15)

Substituting Eqs. (3), (14), and (15) into Eq. (13) and making
use of the transformation matrices and the tree array Tp(k),
/? = !,..., H(k), we obtain

m = 1,2,3, z,, or Mk (16)

where s = R(Ar), r = T(s).
Equation (16) is linear in the relative angular velocity

components and modal coordinate derivatives. Therefore, it is
convenient to write Eq. (16) by separating the coefficients of
the generalized speeds:

4. Angular Accelerations
The angular acceleration of the I'th element in Bk is found

by differentiating Eq. (20); hence,

(25)

The vkipm and ^z>w are obtained by replacing the transforma-
tion matrices in Eqs. (18) and (19), respectively, by their
derivatives utilizing Eq. (12). Note that vk

m and \Jiki
m are

functions of angular velocity components as well as displace-
ments.
5. Mass Center Velocities and Accelerations

The position vector from the fixed reference axis w° in R to
the mass center of the ith element in Bk is given by (with the
notation of Fig. 2)

(26)

(17)
where the summations are carried for the bodies along the
path from Bk to R and where dl = 0.
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By differentiation, the mass center velocity of the element is
obtained as

H(k) H(k) H(k)nP

Z

where s = Yq(k) and p = T(s).
The ds can be written as

(27)

(28)

where qs is the vector in the undeformed state. The local
derivative of ds is then

(29)

The local derivative of the relative translation vector £s is
given in Eq. (5). Note that

= l,...,3N,

— v* f
—

m,t = 1,2,3 (30)

The local derivative of uki is obtained from Eq. (6). Note
that rki is the undeformed local position vector to the mass
center of the ith element. Substituting Eqs. (28-30), (23), (24),
and (6) into Eq. (27) and making use of the transformation
matrices, we obtain

(31)

where

IV. Equations of Motion
Kane's equations are given by

F}+Ff-F}= 0, / = 1,...,6AT + M (37)

where F$ and Ff are the generalized inertia and external
forces, and FJ are the generalized internal forces due to strain
energy of the deformable bodies. Let the externally applied
force field on element i of Bk be represented by a force Fki

passing through the mass center and by a moment Mki.
Similarly, let the inertia force system of the element be
represented by a force F*ki passing through the mass center
and by a moment M*ki, such that

Af'*' = - /** - «« - o)ki x (lki - oki)

(38)

(39)

where mki is the mass of the ith element and lki is the inertia
dyadic of the element relative to its mass center and expressed
in terms of the n° axis.

The FS and F$ could be expressed as

(40)

*= Z S - ( - ^ W + -

and

The generalized stiffness forces will be formulated to in-
clude the geometric stiffening of the transverse deformations,
which are important in high-speed systems. These are ob-
tained by formulating the strain energy of the deformable
bodies by nonlinear strain displacement relations and retain-
ing the higher-order coupling terms, as shown in Appendix B.
The generalized stiffness forces Fs

f take the following form:

,M/,? = 1,2,3 (32)

and

where

and

(42)

K = diagf*1,...,*"], G = diag[G },...,£"] (43)

Kk
p = Xk

rKk
rsXk Gk

p = Xk
rGk

rsXsp (44)

p=l,...,M

Equation (31) can be expressed as

•u = v&yf*°~, t =

where

(33)

(34)

(35)

Note that vkjm depends on displacements only.
By differentiating Eq. (34) we obtain the acceleration of the

mass center of the ith element in body k as

where Kk
rs is the assembled structural stiffness matrix of Bk,

Gk
s is the assembled geometric stiffness matrix of Bk, and Xk

is the modal matrix (Appendix A). The Gk
s as derived in

Appendix B depends on the deformations and needs to be
updated.

Substituting Eqs. (38-41) into Eq. (37), we obtain the
equations of motion in a computer form as

where

and

4- e' c

= Z Z
k = 1 i = 1

N Ek

f ~ zLi X
k=Ii=\

yq =f< (45)

(46>

(47)
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The Fss is given by Eq. (42), and Ff is obtained from Eq. (40)
as

f I (48)

Equations (45) and (11) can be numerically integrated by
standard numerical integration algorithms to yield the time
history of the generalized speeds and the generalized coordi-
nates.

V. Simulations
A general purpose computer program for multibody sys-

tems has been developed utilizing the procedures presented in
this paper. The program automatically eliminates the con-
strained joint degrees of freedom by deleting the correspond-
ing rows in the partial velocity vectors, hence eliminating
constraint equations for joint connections.

To show the significance of the geometric stiffening effects,
the space-based robotic manipulator used by Kane et al.20 will
be considered (Fig. 3). Kane et al.20 developed the equations
of motion for a cantilever beam attached to a moving base
and made use of the explicit constraint equation between the
axial and transverse deflections in the derivation of the gener-
alized inertia forces to obtain the related geometric stiffening
terms.

Here, the same data for the manipulator in Fig. 3 will be
used with the exception that the eccentricity components will
be assumed to be zero; hence, their effects will not be consid-
ered. Links 1 and 2 are rigid, each with a length of 8 m. The
flexible link contains two distinct segments,' BI and B2, with
material properties E = 6.895 x 1010 N/m2, G = 2.6519 x 1010

N/m2, and mass density p = 2766.67 kg/m3. The Bl is 2f m
long and has the following section properties: A = 3.84 x
10-4 m2, I2 = 1.50 x 10~7 m4, 73 = 1.50 x 10~7 m4, k2 = 2.09,
k3 = 2.09, and K = 2.2 x 10~7 m4. The B2 is 5|m long and has
the properties A = 7.3 x 10~5 m2, 72 = 4.8746 x 10~9 m4,
73 = 8.2181 x 10~9 m4, k2 = 3.174, k3 = 1.52, and K = 2.433 x
10-nm4.

First, the deployment maneuver lasting T - 15 s, during
which the angles ^, \l/2, and #3 change from 180 to 90 deg,

180 to 45 deg, and 180 to 0 deg, respectively, is simulated. The
deployment motion is given as

n —
n
2'

n
4'

o,

i
T. . 2nt

. 2nt

t>T

o «.< r

(49)

(50)

(51)

The tip deflections u2 and u3 along w2 and w3, respectively, are
given in Fig. 4. The displacement u2 is identical to the
simulation given in Ref. 20. Torsional deformations will not
be reported, since the major part is due to the eccentricity,
which also accounts for the small difference exhibited in Fig.
4b for the lateral deflection w3, compared with the results of
Ref. 20.

Second, the spin-up maneuver is simulated, for which the
initial configuration is given by Fig. 5. The \j/1 and \l/3 are fixed
at 90 and 0 deg, respectively, and i//2 increases from 0 to
6 rad/s in a time interval of T = 15 s. This motion is given as

6 T2

(6t — 45) rad, t > (52)

Again, the tip transverse deflection is plotted in Fig. 6, and, as
expected, identical results with Ref. 20 are obtained. This
simulation shows clearly that without the proper stiffening
expressions the simulations of spin-up motions may lead to
completely incorrect results. Most importantly, this paper
shows how the geometric nonlinearities can be accurately
modeled in the strain energy function.

Spin-up motion together with deployment of other parts
such as helicopter rotor blades and satellites with flexible
appendages are of practical interest. For this reason, an
additional simulation is performed. Starting from the initial

a)

Time(sec)

Fig. 3 Space-based manipulator.
Fig. 4 Tip deflections: a) w2; b) u3. 1) Simulation of this paper. 2)
Simulation by Kane et al.,20 including eccentricity.
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Time (sec)

(i)

Fig. 5 Initial configuration for spin-up motion.

Time (sec)

Fig. 6 Tip deflection, u2 for spin-up motion: 1) without geometric
stiffening; 2) with geometric stiffening.

configuration given in Fig. 5, in addition to the spin-up
motion of link 2 given by Eq. (52), link 1 will be deployed
from 90 to 40 deg as

T
<T

t>T (53)

The tip deflections u2 and w3 for this simulation are given in
Figs. 7 and 8. It can easily be seen that u2 is affected by the
additional centrifugal forces while following the same pattern.
The deflection in the /i3 direction, u3 diverges when the
geometric stiffening is not included. This is because centrifugal
softening becomes the dominant effect stemming from high
iff 2 • Otherwise the w3 deflection tends to stabilize with time
when the geometric stiffening forces become dominant. The
effect of the deployment acceleration on w3 changes sign
depending on \l/29 which undergoes approximately seven revo-
lutions in 15s.

VI. Discussion and Conclusions
This paper presents a general procedure for the simulation

and analysis of treelike multibody systems with rigid and
flexible bodies. The nonlinear geometric stiffness matrix is
developed for the general three-dimensional case where the
effects of shear deformation are also included. The procedures
developed show the complete interactions between the elastic
deformations and gross rigid-body motion. Explicit expres-
sions for the partial velocity and partial angular velocity
vectors are given in a form suitable for computer implementa-
tion. The use of Kane's equations makes the analysis even

(m)

Fig. 7 Tip deflection, u2 for spin-up and deployment motion: 1) without
geometric stiffening; 2) with geometric stiffening.

"3
(in)

,'z I

V
-Time

(sec)

Fig. 8 Tip deflection, i/3 for spin-up and deployment motion: 1) without
geometric stiffening; 2) with geometric stiffening.

more tractable once the partial velocities and partial angular
velocities are fully developed.

The equations of motion in their developed form are also
valid for other types of bodies if their corresponding shape
function and stiffness matrices are used.

It is shown that geometric stiffening due to the coupling
between the axial and transverse deformations has a dominant
effect in high-speed spin-up and constant spin motions. In
case the resulting axial forces are compressive, the coupling
yields geometric softening of the transverse deformations.
Failure to incorporate these effects leads to unreliable simula-
tions.

Appendix A
Let the beam Bk be modeled by one-dimensional beam

elements. Consider an element with nodes A and B. Let
up(xj\ Op(x,i) denote the elastic displacements and rotations
of axis frames fixed along the centroid of the element.

The symbols up and Sp are expressed in terms of the nodal
variables e** by utilizing polynomials of appropriate order24 as
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and

9p(x9t) = Rpreki(t)

where eki are the displacements and the rotations at the nodes

(A3)

and the element shape functions S and R can be found in
Refs. 24 and 27.

The eigenvalue problem can be expressed as24

Mk$ + Kk
pjekj = 0 (A4)

where Mk and Kk are the assembled mass and stiffness
matrices after the application of the boundary conditions at
the connection points, and ek are the nodal coordinates of Bk.
The approximate solution is

e* = Xk
pjnk

9 j = 1,..., p = 1,.,.,/z* (A5)

where Xk is the matrix with eigenvectors as columns, rjk are
the modal coordinates of Bk, and Mk is the number of
eigenvectors used.

For simplicity of notation it will be assumed that the
selected grid points are the finite-element mass centers. Then,
using equation (A5), uki and 9ki in Eqs. (1) and (2) can be
expressed as

= 1,2,3, = !,...,«*,

and

(A6)

(A7)

where the matrices S and R are evaluated at the mass center
of the element. The Bki is a Boolean matrix used for assembly,
describing the indices of eki in ek, such that

(A8)

Similarly, the local deformation displacement and rotation
of nk* with respect to it7, j = T(k) can be expressed as

and

(A9)

(A10)

where 5 and R are evaluated at the spatial coordinates of the
corresponding element in Bj.

Appendix B
Using up(x,t) and Op(x,t) as defined in Appendix A, the

displacement field for arbitrary points in the beam element
vp(x9y9z9t)9 p = 1,2,3 can be expressed, by assuming small
rotations, as

+ z92 — y03

— z9l

(Bla)

(Bib)

(Blc)

where y and z are measured from the centroidal line.
Because of the presence of "large" deflections, the strain

components sp9 p = 1,..., 6 are obtained from nonlinear strain

displacement relations using the displacements given by Eqs.
(Bl).

If the volume change of an infinitesimal element in the
deformed body is negligible, the strain energy is given by25

u = - dV (B2)

where s and a are the vectors of strain and stress components,
respectively. The sp are then substituted into Eq. (B2) to
obtain u9 using the generalized Hook's law. The <?2 and <J3 can
be taken to be zero. Fourth-order terms in du2/dx and du3/dx9
third-order terms in dui/dx and dOp/dx, p = 1,2,3, and sec-
ond-order terms in d0p/dx multiplied by du2/dx or du3/dx are
neglected. Furthermore, the shear deformation is assumed
small so that third-order terms involving (du2/dx) - 93 and
(du3/dx) + 92 are neglected. This yields the following addi-
tional terms in the strain energy:

2 ^

Assuming that the axial force F = EA(dul/dx) is constant
along the beam, and using Castigliano's theorem, the local
geometrical stiffness matrix Gki for the three-dimensional
beam element is obtained as

(B4)

Gki F
~Z

0
0
0
0
0
0
0
0

Si
0
0
0
g2
0

-gl

o3

g4
0
0
0

0
0
0
0
0

gs
0
0
0

Si
0

-S2

s

0
0

ymr.

Si
0 0 -g3 0 -g4 0 0 0 g3
0 0 0 0 0 0 0 0 0
0 0 g4 0 g6 0 0
0 g2 0 0 0

0

where

10(1+12

84 =
-L

10(1+A3)2

L2 /2

#6 =

and

30 3

1 I*
(1+A 2 ) 2 V 30 3

(EA/L)(u?-u?)

L2

0 -g4 0 £5
0 -g2 0 0 0 gl

(B5a)

(B5b)

(B5c)

(B5d)

(B5e)

(B5f)

(B5g)

(B5h)

(B6)
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In Eqs. (B5) and A3 are given by
12ET,

k3GAL2 (B7)

where k2 and k3 are shear correction factors, A is the cross-
sectional area, L is the length of the element, 72 and 73 are
central principal second moments of area, E is the modulus of
elasticity, and G is the shear modulus.
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